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ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM
WITH DELAY\ast 

CHUCHU CHEN\dagger AND DI LIU\ddagger 

\bfA \bfb \bfs \bft \bfr \bfa \bfc \bft . In order to inherit numerically the ergodicity of the chemical reaction system with
delays, we propose and study an Euler-type numerical method from the point of view of stochastic
delay differential equations. We not only prove the unique exponential ergodicity of the numerical
solution of the approximation, but also present error estimation on invariant measures, which gives
order 1 under certain hypotheses. Numerical experiments are provided to illustrate the results.

\bfK \bfe \bfy \bfw \bfo \bfr \bfd \bfs . stochastic delay differential equation, invariant measure, ergodicity, weak conver-
gence order, Malliavin calculus, Poisson random measure
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1. Introduction. Many chemical dynamics (processes such as transcription and
translation in a genetic regulatory network) are not instantaneous and may have
considerable delays associated with them. For example, there is an average delay of
10--20 minutes between the action of a transcription factor on the promoter of a gene
and the appearance of the corresponding mature mRNA in the cytoplasm [19]. Taking
the delays into account is crucial for the description of transient processes. It is well
known that in some delay-sensitive cases, neglecting delays in simulation will lead to
erroneous conclusions, since delays can alter qualitatively the dynamical behavior; for
example, delay can induce oscillations [2, 17]. Increasing delay dramatically prolongs
the mean residence times near stable states for bistable gene networks, which means
that delay stabilizes bistable gene networks [9]. In chemical reactions, noise and
delay may interact in subtle and complex ways. For example, in genetic regulatory
networks, delay can affect the stochastic properties of gene expression and hence the
phenotype of the cell [5]. For bistable gene networks, due to the stability enhanced
by the infusion of delay, it may induce an analogue of stochastic resonance [9]. In
order to take proper account of these aspects, mathematical modeling and analysis
of the delayed chemical reactions is necessary. An effective method is considered via
modeling the phenomena by a stochastic dynamical system whose evolution in time
is governed by random forces as well as the intrinsic dependence on the state over its
history, i.e., stochastic delay differential equations (SDDEs) driven by Poisson random
measure [14, 7]. Though the solution of SDDEs is not a Markov process, the segment
process of the solution is shown to possess the Markov property [18]. Moreover, under
certain conditions, the process is proved to possess the invariant measure [11, 22], and
even exponential ergodicity [1, 10, 12, 21].
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ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM 71

In the numerical aspect, we expect to have the accelerated, approximate algo-
rithms not only to compute the solution efficiently and effectively, but also to inherit
the properties of the original system. An explicit Euler-type numerical method is
considered in this paper, which is called a D-leaping scheme for the approximate sim-
ulation of biochemical systems with delays [3, 7]. It is shown that the segments of
the solution of the continuous time version of this numerical method not only possess
the Markov property, but also exponentially converge to the unique invariant mea-
sure, which means that the approximated process is also ergodic. We refer readers to
[23, 15] and references therein for the construction and analysis of ergodic numerical
methods for ergodic stochastic differential equations without delays.

Since the segment processes of the solutions of SDDEs and approximation possess
the unique invariant measures, our other interest is to investigate the error between
invariant measures induced by the exact and approximated segment processes, which
is obtained via the independence of time for the weak error. In order to estimate the
weak error, we take a similar approach as in [7] to utilize the Markov property of the
segment processes to rewrite the error as the summation of weak local error. The
mathematical analysis of local error term is technical in two ways. First, since delays
break the Markov property of the system, by contrast with the nondelay case stochas-
tic ordinary differential equations (SODEs), SDDEs do not correspond to diffusions
on Euclidean space. Thus techniques from deterministic PDEs do not apply. Sec-
ond, techniques used in [6] to derive the weak convergence order of Euler scheme for
SDDEs driven by Brownian motions utilize the Fr\'echet differentiability of the Euler
approximation \bfitY (tn; ti, \eta ) with respect to the initial data \eta and mean value theorem
to show that the local error term is of order \scrO (\delta t2). However, since the coefficients
in the SDDEs of chemical reactions are not differentiable, the above approach is also
not appliable. In order to derive the time-independent weak convergence order of the
scheme, we first establish the boundedness of the segment processes of the exact and
approximated solutions, and the Malliavin derivatives such that the bounds are inde-
pendent of time. And then by inserting the functional of the previous step into the
weak local error term, we separate the local error term into two parts, and then apply
the tame It\^o formula. Moreover, the Malliavin calculus and anticipating stochastic
analysis techniques are employed to show that

| \BbbE \phi (\bfitX (tn)) - \BbbE \phi (\bfitY (tn))| \leq C\delta t \forall n = 1, 2, . . . ,

where the constant C is independent of time. Here \bfitX (t) is the exact solution process
of the chemical system and \bfitY (t) is the approximated solution generated from the
D-leaping scheme, and \delta t is the maximal time stepsize. Based on the result of the
time-independent weak error analysis and ergodicity of the exact and approximated
segment processes, we show that the error between invariant measures is of order 1.

The rest of this paper is organized as follows. In section 2, the main results of
this paper are introduced. In sections 3 and 4, we give the proofs for the main results.
Section 3 is for the proof of existence and uniqueness of invariant measure, and the
exponential ergodicity, while section 4 is for the proof of weak error analysis and
the estimate between invariant measures. Numerical experiments are performed to
support theoretical results in section 5.

Last, we define the following notations in order to describe our set-up.
1. \BbbZ +

0 = \BbbN \cup \{ 0\} denotes the set of nonnegative integers. Mathematically, a well-
stirred chemical reaction system can be accurately described by a discrete
state continuous time jump process on the lattice (\BbbZ +

0 )
N .
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72 CHUCHU CHEN AND DI LIU

2. Let \BbbR n be n-dimensional Euclidean space with Euclidean norm | x| for x =
(x1, . . . , xn) \in \BbbR n so that | x| =

\sqrt{} 
x21 + \cdot \cdot \cdot + x2n, and the inner product in \BbbR n

is denoted by \langle x, y\rangle , where x, y \in \BbbR n, so that \langle x, y\rangle =
\sum n
i=1 xiyi.

3. \scrD := D([ - \tau , 0],\BbbR n) represents the space of all c\`adl\`ag paths [ - \tau , 0] \rightarrow \BbbR n,
given the supremum norm \| \eta \| \infty = sup - \tau \leq s\leq 0 | \eta (s)| for all \eta \in \scrD . The space
\scrD is complete but not separable under the metric \| \cdot \| \infty . In order to make
\scrD not only complete but also separable, we introduce the Skorohod metric
(see [4, section 12]): let \Lambda denote the class of strictly increasing continuous
mappings, and set

\| \lambda \| o := sup
 - \tau \leq s<t\leq 0

\bigm| \bigm| \bigm| log \lambda (t) - \lambda (s)

t - s

\bigm| \bigm| \bigm| \forall \lambda \in \Lambda .

For any x, y \in \scrD , the Skorohod metric do(x, y) on \scrD is defined by

do(x, y) := inf
\lambda \in \Lambda 

\bigl\{ 
\| \lambda \| o \vee \| x - y \circ \lambda \| \infty 

\bigr\} 
,

for which we have do(x, y) \leq \| x - y\| \infty , x, y \in \scrD .
4. The notation \scrP (\scrD ) denotes the collection of all probability measures on

(\scrD , \scrB (\scrD )), \scrB b(\scrD ) means the set of all bounded measurable function F :
\scrD \rightarrow \BbbR endowed with the uniform norm \| F\| 0 := sup\phi \in \scrD | F (\phi )| , and Lip(\scrD )
is the family of all Lipschitz continuous \BbbR -valued functions defined on \scrD .

5. Let \bfitX t1,\eta (t2) (t1 \leq t2) be the solution process, starting with initial data
\eta \in \scrD at time t = t1. If t1 = 0, it is often written as \bfitX \eta (t2). Sometimes the
superscript is omitted, if there's no confusion.

6. Throughout this paper, the notation C denotes the time-independent con-
stant, which may be different from line to line.

2. Main results. Let us consider a well-stirred system of N molecular species
\{ S1, S2, . . . , SN\} interacting throughM chemical reaction channels \{ R1, R2, . . . , RM\} .
The state of the system is described by the vector

\bfitX (t) =
\Bigl( 
X1(t), X2(t), . . . , XN (t)

\Bigr) 
,

where Xj(t) is the number of Sj molecule at time t. The dynamics of reaction Rj are
defined by a state change vector \bfitnu j =

\bigl( 
\nu 1j , \nu 

2
j , . . . , \nu 

N
j

\bigr) 
, where \nu nj gives the changes

in the Sn molecular population produced by Rj reaction, and a propensity function
aj(\bfitx ) with aj(x) \geq 0 for physical states, and aj(\bfitx )dt is the probability that the
system will experience an Rj reaction in the next infinitesimal time interval [t, t+dt)
given \bfitX (t) = \bfitx . Consider the case that delays are involved; we suppose that a
subset of, or all, reaction channels \{ R1, . . . , RM\} incur a delay. If we denote this set
of channels as Id, then a reaction Rj \in Id will finish with a delay of \tau j , after it is
initiated. The set Ind consists of all the channels without delay, i.e., Ind \cap Id = \emptyset and
\{ R1, R2, . . . , RM\} = Ind \cup Id.

Since \bfitX (t) denotes the numbers of molecules, it should be nonnegative integers;
we let \Omega \bfitX 0

be the set of all the possible physical states generated from some initial
state \bfitX 0 \in (\BbbZ +

0 )
N at time t0 = 0,

\Omega \bfitX 0
=

\Biggl\{ 
\bfitX | \bfitX \in (\BbbZ +

0 )
N , \bfitX = \bfitX 0 +

M\sum 
j=1

kj\bfitnu j , kj \in \BbbZ +
0

\Biggr\} 
.
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ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM 73

Thus the assumption that the propensity function aj(\bfitx ) \geq 0 for all \bfitx \in \Omega \bfitX 0
is

natural. Moreover, the number of the molecules could not be arbitrary large in realistic
chemical reactions; it is also reasonable to let \bfitX (t) be in a bounded lattice. By
modifying aj(\bfitx ) to be zero at negative integers, we can see that aj is Lipschitz.
Denote A the upper bound of total propensity: A = max\{ a0(\bfitx ), \bfitx \in \Omega \bfitX 0\} , where
a0(\bfitx ) =

\sum M
j=1 aj(\bfitx ).

From [14], we notice that the state process \bfitX (t) above could be formulated as
the form of stochastic differential equation (SDE) with delay, or SDDE driven by
Poisson random measure. In order to unify the equation, we set the delay \tau j = 0 to a
nondelayed channel Rj \in Ind. Therefore \bfitX (t) is the solution of the following SDDE
driven by Poisson random measure with initial data \eta \in \scrD :

(1) \bfitX (t) =

\left\{     \eta (0) +
M\sum 
j=1

t\int 
0

A\int 
0

\bfitnu jcj(a; \bfitX (s - \tau j - ))\lambda (ds\times da), t > 0,

\eta (t),  - \tau \leq t \leq 0, \tau = max\{ \tau j , j \in Id\} ,

where the characteristic function cj(a; \bfitX (s - \tau j - )) is defined by

cj(a; \bfitX (s - \tau j - )) =

\Biggl\{ 
1 if a \in (hj - 1(\bfitX (s - )), hj(\bfitX (s - ))],

0 otherwise

with h0 = 0 and hj(\bfitX (s - )) = hj - 1(\bfitX (s - )) + aj(\bfitX (s  - \tau j - )). Thus intervals
(hj - 1(\bfitX (s - )), hj(\bfitX (s - ))], j = 1, 2, . . . ,M are disjoint and the length of the jth
interval is aj(\bfitX (s - \tau j - )). Here \lambda (dt\times da) is a Poisson random measure associated
with a Poisson point process (p(t), t \geq 0) taking values in [0, A] with Lebesgue
intensity measure m(dt \times da) = dt \times da on the probability space (\Omega ,\scrF , P ), i.e.,
\lambda ([0, t) \times \scrB ) = \#\{ 0 \leq s < t; p(s) \in \scrB \} for each t \geq 0, Borel set \scrB in [0, A]. Let
\{ \scrF t\} t\geq 0 be the filtration generated by the values of the compensated Poisson random

measure \widetilde \lambda (dt\times da) := (\lambda  - m)(dt\times da). The mean and variance of Poisson integration
for a stochastic \{ \scrF t\} t\geq 0-adapted process \theta (t, z), t \geq 0, z \in [0, A] are frequently used
in the following analysis:

\BbbE 
\int T

0

\int A

0

\theta (s, z)\lambda (ds\times dz) = \BbbE 
\int T

0

\int A

0

\theta (s, z)m(ds\times dz),

\BbbE 

\Biggl( \int T

0

\int A

0

\theta (s, z)\widetilde \lambda (ds\times dz)

\Biggr) 2

= \BbbE 
\int T

0

\int A

0

\theta 2(s, z)m(ds\times dz).

Note that for a L\'evy process X(t), its jump \Delta X(t) = X(t)  - X(t - ) equals to zero
a.s. for fixed t > 0. Moreover, for any continuous function b(x) and two positive reals

d > c, it holds that
\int d
c
\Delta a(X(t))dt = 0. We refer to [20, Chapter 9] and [14] for the

proofs and further properties.
We make the following hypothesis to consider the invariant measure and ergodicity

for system (1). Since (1) may be rewritten as

dX(t) =

M\sum 
j=1

\bfitnu jaj(X(t - \tau j - ))dt+

M\sum 
j=1

\int A

0

\bfitnu jcj(a; X(s - \tau j - ))\widetilde \lambda (ds\times da),

the following monotone-type condition is given on the drift and diffusion coefficients.
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74 CHUCHU CHEN AND DI LIU

Assumption 1. For any \phi , \psi \in \scrD , there exists \alpha 1 > \alpha 2 > 0, such that

2

\Biggl\langle 
\phi (0) - \psi (0),

M\sum 
j=1

\bfitnu jaj(\phi ( - \tau j)) - 
M\sum 
j=1

\bfitnu jaj(\psi ( - \tau j))

\Biggr\rangle 

+

\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \phi ( - \tau j)) - 
M\sum 
j=1

\bfitnu jcj(a; \psi ( - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

da

\leq  - \alpha 1| \phi (0) - \psi (0)| 2 + \alpha 2 max
1\leq j\leq M

| \phi ( - \tau j) - \psi ( - \tau j)| 2.

For any N -dimensional stochastic process \bfitX : [ - \tau ,\infty ) \times \Omega \rightarrow \BbbR N , define the
segment process

\bigl\{ 
\bfitX t : [ - \tau , 0]\times \Omega \rightarrow \BbbR N

\bigr\} 
t\in [0,\infty )

, by

(2) \bfitX t(u) = \bfitX (t+ u) \forall u \in [ - \tau , 0],

which is also called a past (or memory) of the process X at the moment t.
Due to the existence of delays, the solution process of (1) is not even a Markov

process. However, we know from [1] that the segment process of the solution of (1)
possesses the Markov property, and further under the Assumption 1 it has a unique
invariant measure \pi (\cdot ) \in \scrP (\scrD ), which is exponentially ergodic, i.e.,

(3) | PtF (\xi ) - \pi (F )| \leq C(\xi )e - \kappa t\| F\| Lip, t \geq \tau , \xi \in \scrD , F \in Lip(\scrD ).

Here \pi (F ) =
\int 
\scrD F (\xi )\pi (d\xi ), and the Markov transition semigroup Pt for segment

process \bfitX t can be given by PtF (\xi ) := \BbbE F (\bfitX \xi 
t ), where \bfitX \xi 

t is the segment process of
the solution for (1) with initial data \xi \in \scrD .

For the numerical approximation of system (1), we consider the D-leaping method
which is proposed in [3] and is rewritten as the following continuous time version in
[7]:

(4) \bfitY (t) =

\left\{     \eta (0) +
M\sum 
j=1

t\int 
0

A\int 
0

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\lambda (ds\times da), t > 0,

\eta (t),  - \tau \leq t \leq 0, \tau = max\{ \tau j , j \in Id\} ,

where \zeta (t) = tn if t \in [tn, tn+1). Define time stepsize \delta tn := tn+1  - tn and \delta t :=
maxn\{ \delta tn\} . We refer readers to [7] for the strong and weak convergence order of
scheme (4) in a finite time interval [ - \tau , T ], i.e.,\Bigl( 

\BbbE | \bfitX (tn) - \bfitY (tn)| 2
\Bigr) 1/2

\leq C\delta t1/2, | \BbbE \phi (\bfitX (tn)) - \BbbE \phi (\bfitY (tn))| \leq C\delta t.

Note that the above constants C depend on the final time T . However, under Assump-
tion 1, we could show that the segment process of scheme (4) has a unique invariant
measure \pi N (\cdot ) \in \scrP (\scrD ), which is exponentially ergodic. It could make the constant C
get rid of the final time T .

Theorem 2.1. Under Assumption 1, numerical method (4) has a unique invari-
ant measure \pi N (\cdot ) \in \scrP (\scrD ), which is exponentially ergodic, i.e.,

(5) | PNt F (\xi ) - \pi N (F )| \leq Ce - \kappa t \forall t \geq \tau , \xi \in \scrD , F \in Lip(\scrD ),

where the exponent \kappa > 0, and the constant C := C(\xi , F ).
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The proof of Theorem 2.1 is postponed to section 3.
Moreover, we could show that the error between invariant measure \pi of (1) and

invariant measure \pi N of (4) is of order 1.

Theorem 2.2. There exists constant C independent of time, such that

(6) | \pi (F ) - \pi N (F )| \leq C\delta t \forall F \in C2
b (\scrD ).

The proof of Theorem 2.2 is postponed to section 4.

3. Exponential ergodicity of Euler-type scheme. In this part, we will in-
vestigate some properties of the solution of scheme (4), such as the Markov property
of the segment process, the existence and uniqueness of the invariant measure, and
the exponential ergodicity under Assumption 1. We refer to [22] for the Markov and
eventually Feller properties for the solution of delay differential equations driven by
the L\'evy process and to [1] for the ergodic properties for segment processes associated
with several classes of retarded SDEs with different types of delays.

The following lemma deals with the Markov property.

Lemma 3.1. The segment process \{ \bfitY \xi 
t (\cdot ) : t \geq 0, \xi \in \scrD \} describes a Markov

process on \scrD with transition probabilities p(t1, \xi ; t2, \cdot ) given by the following: for any
t1 \leq t2,

(7) p(t1, \xi ; t2, B) = P (\omega \in \Omega : \bfitY t1,\xi 
t2 (\omega ) \in B).

Proof. It is equivalent to prove that the Markov property holds: for all \xi \in 
L2(\Omega ,\scrD ;\scrF 0),

P (\bfitY \xi 
t2 \in B| \scrF t1) = P (\bfitY \xi 

t2 \in B| \bfitY \xi 
t1).

First, we prove

(8) P (\bfitY \xi 
t2 \in B| \scrF t1) = p(t1,\bfitY 

\xi 
t1(\cdot ); t2, B),

which means for a.a. \omega \prime \in \Omega ,

(9)
\Bigl( 
P (\omega : \bfitY \xi 

t2(\omega ) \in B| \scrF t1)
\Bigr) 
(\omega \prime ) = p(t1,\bfitY 

\xi 
t1(\omega 

\prime ); t2, B).

By the definition of conditional probability, we see that (9) is equivalent to\int 
D

1B(\bfitY 
\xi 
t2(\omega ))dP (\omega ) =

\int 
D

\int 
\Omega 

1B\{ \bfitY 
t1,\bfitY 

\xi 
t1

(\omega \prime )

t2 (\omega )\} dP (\omega )dP (\omega \prime )

for all D \in \scrF t1 and B \in \scrB (\scrD ), and 1B is the characteristic function of B. Since
we could use a sequence of bounded and continuous functions to converge to the
characteristic function 1B for all open sets B in \scrD , we only show the following case:

(10)

\int 
D

f(\bfitY \xi 
t2(\omega ))dP (\omega ) =

\int 
D

\int 
\Omega 

f\{ \bfitY 
t1,\bfitY 

\xi 
t1

(\omega \prime )

t2 (\omega )\} dP (\omega )dP (\omega \prime ),

where D \in \scrF t1 and f : \scrD \rightarrow \BbbR is bounded and continuous.

Since \bfitY \xi 
t1 \in L2(\Omega ,\scrD ;\scrF t1), there is a sequence \{ \psi j\} \infty j=1 of \scrF t1-simple functions

converging to Y \xi t1 in L2(\Omega ,\scrD ;\scrF t1), i.e.,

\psi j =

nj\sum 
i=1

\phi j,i1\Omega j,i
, \Omega j,i \in \scrF t1 , \phi j,i \in \scrD .
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Therefore by \bfitY \xi 
t2 = \bfitY 

t1,\bfitY 
\xi 
t1

t2 , we have for a.a. \omega \in \Omega ,

\bfitY \xi 
t2(\omega ) = lim

j\rightarrow \infty 
\bfitY 
t1,\psi j

t2 (\omega ) = lim
j\rightarrow \infty 

nj\sum 
i=1

\bfitY 
t1,\phi j,i

t2 (\omega )1\Omega j,i
(\omega ).

Each \bfitY 
t1,\phi j,i

t2 \in L2(\Omega ,\scrD ;\scrF t2 \cap \scrG t1), where \scrG t1 is the \sigma -algebra generated by the

compensated Poisson random measure \widetilde \lambda from the inverse time direction, i.e.,

\sigma \{ \widetilde \lambda (\scrB , (t, u]), t \leq u, \scrB \in \scrB ((0, A])\} .

So we can write \bfitY 
t1,\phi j,i

t2 as a limit of \scrG t1-simple functions:

\bfitY 
t1,\phi j,i

t2 = lim
k\rightarrow \infty 

mk\sum 
h=1

\theta j,ik,h1\Omega \ast 
k,h
, \theta j,ik,h \in \scrD , \Omega \ast 

k,h \in \scrG t1 .

Note that the left-hand side of (10) is equal to\int 
D

lim
j\rightarrow \infty 

f

\Biggl( 
nj\sum 
i=1

\bfitY 
t1,\phi j,i

t2 (\omega )1\Omega j,i
(\omega )

\Biggr) 
dP (\omega )

= lim
j\rightarrow \infty 

\int 
D

nj\sum 
i=1

f
\Bigl( 
\bfitY 
t1,\phi j,i

t2 (\omega )
\Bigr) 
1\Omega j,i(\omega )dP (\omega )

= lim
j\rightarrow \infty 

lim
k\rightarrow \infty 

\int 
D

nj\sum 
i=1

mk\sum 
h=1

f(\theta j,ik,h)1\Omega \ast 
k,h

(\omega )1\Omega j,i
(\omega )dP (\omega )

= lim
j\rightarrow \infty 

lim
k\rightarrow \infty 

nj\sum 
i=1

mk\sum 
h=1

f(\theta j,ik,h)P (\Omega 
\ast 
k,h \cap \Omega j,i \cap D).

(11)

The right-hand side of (10) is equal to\int 
D

\int 
\Omega 

lim
j\rightarrow \infty 

f
\Bigl( 
\bfitY 
t1,\psi j(\omega 

\prime )
t2 (\omega )

\Bigr) 
dP (\omega )dP (\omega \prime )

= lim
j\rightarrow \infty 

\int 
D

\int 
\Omega 

f
\Bigl( 
\bfitY 
t1,\psi j(\omega 

\prime )
t2 (\omega )

\Bigr) 
dP (\omega )dP (\omega \prime )

= lim
j\rightarrow \infty 

\int 
D

\int 
\Omega 

f

\Biggl[ \Biggl( 
nj\sum 
i=1

\bfitY 
t1,\phi j,i

t2 1\Omega j,i(\omega 
\prime )

\Biggr) 
(\omega )

\Biggr] 
dP (\omega )dP (\omega \prime )

= lim
j\rightarrow \infty 

\int 
D

\int 
\Omega 

f

\Biggl[ 
nj\sum 
i=1

\bfitY 
t1,\phi j,i

t2 (\omega )1\Omega j,i
(\omega \prime )

\Biggr] 
dP (\omega )dP (\omega \prime )(12)

= lim
j\rightarrow \infty 

\int 
D

\int 
\Omega 

nj\sum 
i=1

f
\Bigl( 
\bfitY 
t1,\phi j,i

t2 (\omega )
\Bigr) 
1\Omega j,i(\omega 

\prime )dP (\omega )dP (\omega \prime )

= lim
j\rightarrow \infty 

lim
k\rightarrow \infty 

\int 
D

\int 
\Omega 

nj\sum 
i=1

mk\sum 
h=1

f(\theta j,ik,h)1\Omega \ast 
k,h

(\omega )1\Omega j,i
(\omega \prime )dP (\omega )dP (\omega \prime )

= lim
j\rightarrow \infty 

lim
k\rightarrow \infty 

nj\sum 
i=1

mk\sum 
h=1

f(\theta j,ik,h)P (\Omega 
\ast 
k,h)P (\Omega j,i \cap D).

D
ow

nl
oa

de
d 

11
/3

0/
19

 to
 1

24
.1

6.
14

8.
9.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM 77

Now \Omega j,i, D \in \scrF t1 , so \Omega j,i \cap D is independent of \Omega \ast 
k,h \in \scrG t1 . Hence

P (\Omega \ast 
k,h)P (\Omega j,i \cap D) = P (\Omega \ast 

k,h \cap \Omega j,i \cap D).

Compare (11) and (12), and it follows that (10) must hold.
Second, we prove

(13) p(t1,\bfitY 
\xi 
t1(\cdot ); t2, B) = P (\bfitY \xi 

t2 \in B| \bfitY \xi 
t1).

Due to the measurability of p(t1,\bfitY 
\xi 
t1 ; t2, B) with respect to the \sigma -algebra generated

by \bfitY \xi 
t1 , we have

p(t1,\bfitY 
\xi 
t1 ; t2, B) = \BbbE 

\Bigl[ 
P (\bfitY \xi 

t2 \in B| \scrF t1)
\bigm| \bigm| \bigm| \bfitY \xi 
t1

\Bigr] 
= P (\bfitY \xi 

t2 \in B| \bfitY \xi 
t1),

since the \sigma -algebra generated by \bfitY \xi 
t1 \subset \scrF t1 .

Thus we finish the proof.

The following lemma establishes the time-independent boundedness of the seg-
ment process \bfitY t, which gives us the existence of the invariant measure \pi N (\cdot ).

Lemma 3.2. There exists a constant C independent of time, such that

sup
t\geq \tau 

\BbbE \| \bfitY t\| 2\infty < C.

Proof. By using It\^o's formula to | \bfitY (t)| 2, for any t \geq 0, we have

\BbbE | \bfitY (t)| 2  - \BbbE | \eta (0)| 2

= \BbbE 
\int t

0

\int A

0

\Biggl[ \bigm| \bigm| \bigm| \bigm| \bigm| \bfitY (s - ) +

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

 - 
\bigm| \bigm| \bfitY (s - )

\bigm| \bigm| 2\Biggr] \lambda (ds\times da)

= \BbbE 
\int t

0

\int A

0

\Biggl[ 
2

\biggl\langle 
\bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\biggr\rangle 

+

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2\Biggr] 
m(ds\times da).

(14)

Under Assumption 1, (14) can be estimated as

\BbbE | \bfitY (t)| 2  - \BbbE | \eta (0)| 2 \leq \BbbE 
\int t

0

\bigl[ 
 - \alpha 1| \bfitY (s - )| 2 + \alpha 2 max

j
| \bfitY \circ \zeta (s - \tau j)| 2

\bigr] 
ds

\leq  - \alpha 1

\int t

0

\BbbE | \bfitY (s)| 2ds+ \alpha 2

\int t

0

sup
s - \tau \leq r\leq s

\BbbE | \bfitY (r)| 2ds.

Based on Gronwall's inequality, we know that there exists a constant C independent
of time, such that

(15) sup
t\geq  - \tau 

\BbbE | \bfitY (t)| 2 \leq C.
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Since \| \bfitY t\| 2\infty = sup - \tau \leq \theta \leq 0 | \bfitY (t + \theta )| 2, we apply the It\^o formula to | \bfitY (t + \theta )| 2:
for any t \geq \tau and \theta \in [ - \tau , 0],

| \bfitY (t+ \theta )| 2  - | \bfitY (t - \tau )| 2

=

\int t+\theta 

t - \tau 

\int A

0

2\langle \bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\rangle m(ds\times da)

+

\int t+\theta 

t - \tau 

\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

m(ds\times da)

+

\int t+\theta 

t - \tau 

\int A

0

2\langle \bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\rangle \widetilde \lambda (ds\times da)

+

\int t+\theta 

t - \tau 

\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2\widetilde \lambda (ds\times da).

(16)

We apply sup - \tau \leq \theta \leq 0 and expectation to the first and second terms in the right-hand
side of (16) and then get

\BbbE 

\Biggl\{ 
sup

 - \tau \leq \theta \leq 0

\int t+\theta 

t - \tau 

\int A

0

2\langle \bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\rangle m(ds\times da)

\Biggr\} 

+ \BbbE 

\Biggl\{ 
sup

 - \tau \leq \theta \leq 0

\int t+\theta 

t - \tau 

\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

m(ds\times da)

\Biggr\} 

\leq C\BbbE 
\int t

t - \tau 

\bigm| \bigm| \bigm| \bigm| \bigm| \langle \bfitY (s),

M\sum 
j=1

\bfitnu jaj(\bfitY \circ \zeta (s - \tau j))\rangle 

\bigm| \bigm| \bigm| \bigm| \bigm| ds+ \BbbE 
\int t

t - \tau 

M\sum 
j=1

| \bfitnu j | 2aj(\bfitY \circ \zeta (s - \tau j))ds

\leq C

\int t

t - \tau 

\Bigl( 
1 + \BbbE | \bfitY (s)| 2 +max

j
\BbbE | \bfitY \circ \zeta (s - \tau j)| 2

\Bigr) 
ds

\leq C,

where we use the fact that \bfitY \in \Omega \bfitX 0 , which means | \bfitY (t)| \leq | \bfitY (t)| 2. Utilizing the
Burkholder--Davis--Gundy inequality to the third and forth terms in the right-hand
side of (16), respectively, we get

\BbbE 

\Biggl\{ 
sup

 - \tau \leq \theta \leq 0

\int t+\theta 

t - \tau 

\int A

0

2\langle \bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\rangle \widetilde \lambda (ds\times da)

\Biggr\} 

\leq C\BbbE 

\Biggl( \int t

t - \tau 

\int A

0

| \langle \bfitY (s - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\rangle | 2m(ds\times da)

\Biggr) 1
2

\leq Cmax
j

\BbbE 

\Biggl( \int t

t - \tau 
| \bfitY (s)| 2aj(\bfitY \circ \zeta (s - \tau j))ds

\Biggr) 1
2

\leq Cmax
j

\BbbE 

\Biggl( \int t

t - \tau 
| \bfitY (s)| 2(1 + | \bfitY \circ \zeta (s - \tau j)| )ds

\Biggr) 1
2
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\leq C\BbbE 

\Biggl( \int t

t - \tau 
| \bfitY (s)| 2ds

\Bigr) 1
2

+ Cmax
j

\BbbE 

\Biggl( \int t

t - \tau 
| \bfitY (s)| 2| \bfitY \circ \zeta (s - \tau j)| ds

\Biggr) 1
2

\leq C + \BbbE 
\int t

t - \tau 
| \bfitY (s)| 2ds+ 1

2
\BbbE \| \bfitY t\| 2\infty + Cmax

j
\BbbE 
\int t

t - \tau 
| \bfitY \circ \zeta (s - \tau j)| 2ds

\leq 1

2
\BbbE \| \bfitY t\| 2\infty + C,

and

\BbbE 

\Biggl\{ 
sup

 - \tau \leq \theta \leq 0

\int t+\theta 

t - \tau 

\int A

0

\bigm| \bigm| \bigm| M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))
\bigm| \bigm| \bigm| 2\widetilde \lambda (ds\times da)

\Biggr\} 

\leq C\BbbE 

\Biggl( \int t

t - \tau 

\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
4

m(ds\times da)

\Biggr) 1
2

\leq Cmax
j

\BbbE 

\Biggl( \int t

t - \tau 
aj(\bfitY \circ \zeta (s - \tau j))ds

\Biggr) 1
2

\leq Cmax
j

\BbbE 

\Biggl( \int t

t - \tau 
(1 + | \bfitY \circ \zeta (s - \tau j)| )ds

\Biggr) 1
2

\leq C + Cmax
j

\BbbE 
\int t

t - \tau 
| \bfitY \circ \zeta (s - \tau j)| 2ds \leq C,

where we use the boundedness of \bfitY (t) (see (15)).
Combining these estimates together, we have

(17) \BbbE \| \bfitY t\| 2\infty \leq \BbbE | \bfitY (t - \tau )| 2 + 1

2
\BbbE \| \bfitY t\| 2\infty + C,

which leads to
sup
t\geq \tau 

\BbbE \| \bfitY t\| 2\infty \leq C.

Thus we complete the proof.

Remark 1. Under the same procedure, we could prove that the moment of \bfitX t is
also uniform bounded for all the time, i.e.,

sup
t\geq \tau 

\BbbE \| \bfitX t\| 2\infty < C,

where the constant C is independent of time.

For \theta \in [ - \tau , 0] and \widetilde \theta \in [0, \delta ] with \delta > 0 being an arbitrary constant such that
\theta + \delta \in [ - \tau , 0], by the It\^o isometry, for any t \geq \tau , we obtain from (4) that

\BbbE t+\theta 
\bigm| \bigm| \bfitY t+\widetilde \theta (\theta ) - \bfitY t(\theta )

\bigm| \bigm| 2 = \BbbE t+\theta 
\bigm| \bigm| \bfitY (t+ \widetilde \theta + \theta ) - \bfitY (t+ \theta )

\bigm| \bigm| 2
= \BbbE t+\theta 

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int t+\widetilde \theta +\theta 
t+\theta 

\int A

0

M\sum 
j=1

\bfitnu jcj(a; \bfitY \circ \zeta (s - \tau j))\lambda (ds\times da)

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

\leq C

\int t+\theta +\delta 

t+\theta 

\BbbE t+\theta 
\Biggl\{ \bigm| \bigm| \bigm| \bigm| \bigm| 

M\sum 
j=1

\bfitnu jaj(\bfitY \circ \zeta (s - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

+

\int A

0

M\sum 
j=1

| \bfitnu j | 2aj(\bfitY \circ \zeta (s - \tau j))

\Biggr\} 
ds,
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where \BbbE t(\cdot ) := \BbbE (\cdot | \scrF t). Under the global Lipschitz property of functions aj and the
boundedness of the segment process, there is a random function \gamma (t, \delta ) satisfying

\BbbE t+\theta | \bfitY t+\widetilde \theta (\theta ) - \bfitY t(\theta )| 2 \leq \BbbE t+\theta \gamma (t, \delta ) \forall \widetilde \theta \in [0, \delta ], \theta \in [ - \tau , 0],

and
lim
\delta \rightarrow 0

lim sup
t\rightarrow \infty 

\BbbE \gamma (t, \delta ) = 0,

It follows from the Kurtz criterion of tightness [13, Theorem 3] that \bfitY t is tight in \scrD 
under the Skorohod metric. Combining the tightness and eventually Feller property
(similar to section 3.3 in [22]), we conclude the existence of the invariant measure by
the Krylov--Bogoliubov theorem (see [8, Theorem 3.1.1] or [16]).

The following lemma establishes the difference of the segment processes \bfitY \xi 
t and

\bfitY \eta 
t with different initial data \xi and \eta . The difference could be controlled by an

exponential decay function, which leads to the uniqueness of the invariant measure,
and the exponential ergodicity.

Lemma 3.3. Let \bfitY \xi 
t and \bfitY \eta 

t , t \geq 0, be the segment processes of the solution
of (4) with initial data \xi and \eta , respectively. Then there exist a time-independent
constant C and a parameter \kappa > 0 such that

sup
t\geq \tau 

\BbbE \| \bfitY \xi 
t  - \bfitY \eta 

t \| 2\infty \leq Ce - 2\kappa t.

Proof. By applying It\^o formula to | \bfitY \xi (t) - \bfitY \eta (t)| 2, we could obtain, for t \geq 0,

d\BbbE | \bfitY \xi (t) - \bfitY \eta (t)| 2

= \BbbE 
\int A

0

2\langle \bfitY \xi (t - ) - \bfitY \eta (t - ),

M\sum 
j=1

\bfitnu jcj(a; \bfitY 
\xi \circ \zeta (t - \tau j)) - \bfitnu jcj(a; \bfitY 

\eta \circ \zeta (t - \tau j))\rangle 

+

\bigm| \bigm| \bigm| \bigm| \bigm| 
M\sum 
j=1

\bfitnu jcj(a; \bfitY 
\xi \circ \zeta (t - \tau j)) - \bfitnu jcj(a; \bfitY 

\eta \circ \zeta (t - \tau j))

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

m(dt\times da).

Let \rho (t) = \BbbE | \bfitY \xi (t) - \bfitY \eta (t)| 2, and under Assumption 1,

\rho \prime (t) \leq  - \alpha 1\rho (t) + \alpha 2 sup
t - \tau \leq s\leq t

\rho (s).

By Gronwal's inequality (see Lemma 2.3 in [1]), there exists some \kappa > 0 such that

\BbbE | \bfitY \xi (t) - \bfitY \eta (t)| 2 \leq C\BbbE \| \xi  - \eta \| 2\infty e - 2\kappa t \leq Ce - 2\kappa t \forall t \geq 0.

Using the Burkholder--Davis--Gundy inequality, we estimate as in Lemma 3.2 to show
that there is a time-independent constant C such that

\BbbE \| \bfitY \xi 
t  - \bfitY \eta 

t \| 2\infty \leq Ce - 2\kappa t, t \geq \tau .

Thus we finish the proof.

Remark 2. Under the same procedure, we could prove that the dependence of \bfitX t

on initial data, i.e.,

sup
t\geq \tau 

\BbbE \| \bfitX \xi 
t  - \bfitX \eta 

t \| 2\infty \leq C\BbbE \| \xi  - \eta \| 2\infty e - 2\kappa t.
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The uniqueness of invariant measure follows from this exponential decay property.
In fact, assume that \widetilde \pi N (\cdot ) \in \scrP (\scrD ) is also an invariant measure, and then for all
F \in Lip(\scrD ),

| \pi N (F ) - \widetilde \pi N (F )| =
\bigm| \bigm| \bigm| \bigm| \int 

\scrD 
F (\xi )\pi N (d\xi ) - 

\int 
\scrD 
F (\eta )\widetilde \pi N (d\eta )

\bigm| \bigm| \bigm| \bigm| 
\leq 
\int 
\scrD \times \scrD 

\bigm| \bigm| \bigm| PNt F (\xi ) - PNt F (\eta )
\bigm| \bigm| \bigm| \pi N (d\xi )\widetilde \pi N (d\eta )

=

\int 
\scrD \times \scrD 

\bigm| \bigm| \bigm| \BbbE F (\bfitY \xi 
t ) - \BbbE F (\bfitY \eta 

t )
\bigm| \bigm| \bigm| \pi N (d\xi )\widetilde \pi N (d\eta )

\leq C

\int 
\scrD \times \scrD 

\BbbE do(\bfitY \xi 
t , \bfitY 

\eta 
t )\pi 

N (d\xi )\widetilde \pi N (d\eta )

\leq C

\int 
\scrD \times \scrD 

\BbbE \| \bfitY \xi 
t  - \bfitY \eta 

t \| \infty \pi N (d\xi )\widetilde \pi N (d\eta ) \rightarrow 0, as t\rightarrow \infty .

Last, the exponential ergodicity could be shown similarly. By the invariance of
the measure \pi N \in \scrP (\scrD ),

| PNt F (\xi ) - \pi N (F )| =
\bigm| \bigm| \bigm| \bigm| PNt F (\xi ) - \int 

\scrD 
PNt F (\eta )\pi 

N (d\eta )

\bigm| \bigm| \bigm| \bigm| 
\leq 
\int 
\scrD 
| PNt F (\xi ) - PNt F (\eta )| \pi N (d\eta )

=

\int 
\scrD 
| \BbbE F (\bfitY \xi 

t ) - \BbbE F (\bfitY \eta 
t )| \pi N (d\eta )

\leq C\BbbE d0(\bfitY \xi 
t ,\bfitY 

\eta 
t ) \leq C\BbbE \| \bfitY \xi 

t  - \bfitY \eta 
t \| \infty 

\leq C
\Bigl( 
\BbbE \| \bfitY \xi 

t  - \bfitY \eta 
t \| 2\infty 

\Bigr) 1
2 \leq Ce - \kappa t.

4. Error estimate on invariant measures. In this section, we will study the
error between invariant measure \pi of (1) and invariant measure \pi N of (4).

In fact, based on the ergodicity of processes \bfitX t and \bfitY t, we have the following two
equations: for any deterministic initial data \xi \in \scrD ,

lim
T\rightarrow \infty 

1

T

\int T

0

\BbbE F (\bfitX \xi 
t )dt =

\int 
\scrD 
F (\eta )\pi (d\eta ) = \pi (F ),

lim
T\rightarrow \infty 

1

T

\int T

0

\BbbE F (\bfitY \xi 
t )dt =

\int 
\scrD 
F (\eta )\pi N (d\eta ) = \pi N (F ).

Supposing we have the time-independent weak convergence order, from

\bigm| \bigm| \pi (F ) - \pi N (F )
\bigm| \bigm| = \bigm| \bigm| \bigm| \bigm| lim

T\rightarrow \infty 

1

T

\int T

0

\BbbE F (\bfitX \xi 
t ) - \BbbE F (\bfitY \xi 

t )dt

\bigm| \bigm| \bigm| \bigm| 
\leq lim
T\rightarrow \infty 

1

T

\int T

0

\bigm| \bigm| \BbbE F (\bfitX \xi 
t ) - \BbbE F (\bfitY \xi 

t )
\bigm| \bigm| dt,(18)

the error between invariant measure \pi of (1) and invariant measure \pi N of (4) has
obviously the same order as weak convergence order. Therefore, the key point to
prove Theorem 2.2 is to show that the weak error of scheme (4) is independent of
time interval.
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82 CHUCHU CHEN AND DI LIU

The classical approach to prove the weak convergence order of SDEs is via a Kol-
mogorov PDE. At some point the success of this approach is based on the adaptedness
and Markov property of the underlying stochastic process. However, due to the ex-
istence of time delay, the Markov property is broken, and SDDEs do not correspond
to diffusions on Euclidean space. Thus the PDE technique does not apply. Another
approach to prove the weak convergence order of SDEs (even the anticipating SDEs)
uses the integration by parts of the Malliavin calculus (see [6, 7], for example) instead
of using the Markov property and the solution of the PDE. However, the nondifferen-
tiability of the coefficients of (1) adds complications and difficulties to the analysis of
weak convergence order. To solve this problem, the tame property of numerical ap-
proximation, the It\^o formula for tame functionals, and Malliavin calculus are utilized.
See [7, section 3.2] for the weak convergence analysis in finite time interval.

The brief outline of the proof of the result of weak convergence order is as follows;
see section 4.3.

Step 1. For any test function \phi : \BbbR N \rightarrow \BbbR , we utilize the Markov property for
the segment processes Xt, Yt (see Lemma 3.1), and the tame character of Ys,\eta (t)
(see Lemma 4.4 or Proposition 4.5) to rewrite the weak error as

\BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn) =
n\sum 
i=1

\Bigl\{ 
\BbbE u(\Pi (\bfitX 

ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1
))
\Bigr\} 

 - 
\Bigl\{ 
\BbbE u(\Pi (\bfitY 

ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1
))
\Bigr\} 
.

Step 2. In this step, we make use of the tame It\^o formula to expand each term in
the right-hand side of the equation in Step 1. Hence,

\BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn) =:

n\sum 
i=1

k\sum 
m=1

M\sum 
j=1

\Biggl( \int ti

ti - 1

\scrD i,1
m,j(s)ds+

\int ti

ti - 1

\scrD i,2
m,j(s)ds

\Biggr) 
,

where

\scrD i,1
m,j := \BbbE 

\Bigl\{ 
[aj(\bfitX (s+ \mu m  - \tau j - )) - aj(\bfitX (ti - 1 + \mu m  - \tau j))]f

m
j (\Pi (\bfitX s))

\Bigr\} 
,

\scrD i,2
m,j := \BbbE 

\Bigl\{ 
aj(\bfitX (ti - 1 + \mu m  - \tau j))[f

m
j (\Pi (\bfitX s)) - fmj (\Pi (\bfitY s))]

\Bigr\} 
.

Step 3. To estimate the term \scrD i,1
m,j in Step 2, we need the establishment of It\^o

formula for tame functionals (see Proposition 4.6) and the Malliavin differentiable of
SDDE (1) (see Proposition 4.7). It yields\bigm| \bigm| \scrD i,1

m,j

\bigm| \bigm| = O(\delta t).

Step 4. The estimate of the term \scrD i,2
m,j in Step 2 is similar as in Step 3, we make

use of It\^o formula for tame functionals and Malliavin differentiable of SDDE (1) to
obtain \bigm| \bigm| \scrD i,2

m,j

\bigm| \bigm| = O(\delta t).

4.1. Preliminaries. In this part, we will introduce some notation and proposi-
tions about Malliavin calculus and the tame It\^o formula.
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ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM 83

First, let us start with a brief introduction of Malliavin calculus for Poisson ran-
dom measure, and note that all the definitions and properties are from [20, Chap-
ter 12], which is by means of the chaos expansion in terms of iterated integrals
with respect to compensated Poisson random measure. Denote D the Malliavin
differentiation operator associated with Poisson random measure. For F \in \BbbD 1,2,
we call Dt,zF the Malliavin derivative of F at (t, z). Here \BbbD 1,2 is a stochastic
Sobolev space consisting of all \scrF T -measurable random variables F \in L2(P ) with
chaos expansion F =

\sum \infty 
n=0 In(fn) satisfying the convergence criterion \| F\| 2\BbbD 1,2 =\sum 0

n=1 nn!\| fn\| 2L2 < \infty (see [20, Definition 12.1]). The operator D is defined by
Dt,zF =

\sum \infty 
n=1 nIn - 1(fn(\cdot , t, z)) for all F \in \BbbD 1,2 (see [20, Definition 12.2]). To

perform the weak convergence analysis, we also need some properties of Malliavin
derivatives. First, we present the chain rule for Malliavin derivative; for the proof we
refer to [20, Theorem 12.8].

Proposition 4.1 (chain rule). Let F \in \BbbD 1,2 and let \psi be a real continuous
function on \BbbR . Suppose \psi (F ) \in L2(P ) and \Psi (F + Dt,zF ) \in L2(P \times \lambda \times \nu ). Then
\psi (F ) \in \BbbD 1,2 and

(19) Dt,z\psi (F ) = \Psi (F +Dt,zF ) - \psi (F ).

The Skorohod integral can be considered as an adjoint operator to the Malliavin
derivative, and it is an extension of the It\^o integral. See [20, Definition 11.1] for the
definition of the Skorohod integral. Below is the relationship between the Malliavin
derivative and the Skorohod integral; for the proof we refer to [20, Theorem 12.10].

Proposition 4.2 (duality formula). Let X(t, z), t \in [0, T ], z \in [0, A], be the
Skorohod integrable and F \in \BbbD 1,2. Then

(20) \BbbE 

\Biggl[ 
F

\int T

0

\int A

0

X(t, z)\widetilde \lambda (dt\times dz)

\Biggr] 
= \BbbE 

\Biggl[ \int T

0

\int A

0

X(t, z)Dt,zFm(dt\times dz)

\Biggr] 
.

The following result is the fundamental theorem of calculus for Poisson random
measure; for the proof we refer to [20, Theorem 12.15].

Proposition 4.3 (fundamental theorem of calculus). Let X(s, y), (s, y) \in [0, T ]\times 
[0, A], be a stochastic process such that

\BbbE 

\Biggl[ \int T

0

\int A

0

| X(s, y)| 2m(ds\times dy)

\Biggr] 
<\infty .

Assume that X(s, y) \in \BbbD 1,2 for all (s, y) \in [0, T ] \times [0, A] and that Dt,zX(\cdot , \cdot ) is
Skorohod integrable with

\BbbE 

\Biggl[ \int T

0

\int A

0

\bigm| \bigm| \bigm| \int T

0

\int A

0

Dt,zX(s, y)\widetilde \lambda (ds\times dy)
\bigm| \bigm| \bigm| 2m(dt\times dz)

\Biggr] 
<\infty .

Then \int T

0

\int A

0

X(s, y)\widetilde \lambda (ds\times dy) \in \BbbD 1,2

and

Dt,z

\int T

0

\int A

0

X(s, y)\widetilde \lambda (ds\times dy) = X(t, z) +

\int T

0

\int A

0

Dt,zX(s, y)\widetilde \lambda (ds\times dy).
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84 CHUCHU CHEN AND DI LIU

Next, let us introduce some notation about the tame functional and the It\^o
formula for tame functionals; see [6, 7], for instance. Define the tame projection
\Pi : \scrD \rightarrow \BbbR Nk associated with \mu 1, . . . , \mu k \in [ - \tau , 0] by

(21) \Pi (\eta ) := (\eta (\mu 1), . . . , \eta (\mu k)) \in \BbbR Nk

for all \eta \in \scrD .
A functional \Psi : [0, T ] \times \scrD \rightarrow \BbbR is called tame if there exits a functional f :

[0, T ]\times \scrD \rightarrow \BbbR and a tame projection \Pi : \scrD \rightarrow \BbbR Nk such that

(22) \Psi (t, \eta ) = f(t,\Pi (\eta ))

for all t \in [0, T ] and \eta \in \scrD .
The following lemma gives the tame character of the solution Ys,\eta (t) of the nu-

merical approximation (4).

Lemma 4.4 (see [7, Lemma 3.8]). Let ti be a fixed partition point for some
i \in \{ 0, 1, . . . , NT \} Then for a.a. \omega \in \Omega , the function

[ti, T ]\times \scrD \rightarrow \BbbR N

(t, \eta ) \mapsto \rightarrow \bfitY ti,\eta (t, \omega )

is a tame functional, i.e., there exists a random function \bfitF such that

\bfitY ti,\eta (t, \omega ) = \bfitF (t, \omega ,\Pi (\eta )).

Considering the segment process \bfitY ti,\eta 
t , from the above result in Lemma 4.4, there

exists a random function \bfitF such that, for any \theta \in [ - \tau , 0],

\bfitY ti,\eta 
t (\theta ) = \bfitY ti,\eta (t+ \theta ) = \bfitF (t+ \theta ,\Pi (\eta )) =: \bfitF t(\theta ,\Pi (\eta )).

Therefore, we have the following result.

Proposition 4.5. Given any fixed t and a function \phi : \scrD \rightarrow \BbbR , \BbbE \phi (\bfitY ti,\eta 
t ) is a

tame functional, which means there exists a deterministic function u such that

\BbbE \phi (\bfitY ti,\eta 
t ) = \BbbE \phi (\bfitF t(\Pi (\eta ))) =: u(\Pi (\eta )).

The following proposition presents the It\^o formula for tame functionals, which
describes how the segment process \bfitX t transforms under tame functionals.

Proposition 4.6 (see [7, Proposition 3.10]). Assume that

X(t) =

\left\{   \eta (0) +
\int t
0

\int A
0
K(s, a)\lambda (ds\times da), t > 0,

\eta (t),  - \tau \leq t \leq 0.

Suppose \phi \in C(\BbbR k;\BbbR ) and let \Pi be the tame projection. Then for all t \in [0, T ], we
have a.s.

\phi (\Pi (Xt)) - \phi (\Pi (X0)) =

k\sum 
i=1

\int t

0

\int A

0\Bigl[ 
\phi (Xs - (\mu 1), . . . , Xs - (\mu i - 1), Xs - (\mu i) +K(s+ \mu i, a), Xs(\mu i+1), . . . , Xs(\mu k))

 - \phi (Xs - (\mu 1), . . . , Xs - (\mu i - 1), Xs - (\mu i), Xs(\mu i+1), . . . , Xs(\mu k))
\Bigr] 
\lambda (ds\times da).
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ERGODIC APPROXIMATION TO CHEMICAL REACTION SYSTEM 85

4.2. Properties. Now we are in the position to show that the solution X(t) of
(23) is Malliavin differentiable, and the bound is independent of time interval.

Let X(t) := X\sigma ,\eta (t), t \in [\sigma  - \tau ,\infty ) be the solution with initial process \eta at time
\sigma , i.e.,

X(t) =

\left\{   \eta (0) +
\sum M
j=1

\int t
\sigma 

\int A
0

\bfitnu jcj(a; X(s - \tau j - ))\lambda (ds\times da), t > \sigma ,

\eta (t - \sigma ), \sigma  - \tau \leq t \leq \sigma .

(23)

The Malliavin differentiability of the solution X(t) of (23) is stated below.

Proposition 4.7. For any \eta \in L2(\Omega ,\scrD ;\scrF \sigma ) with sup\sigma  - \tau \leq s\leq \sigma \BbbE 
\int A
0

\| Ds,z\eta \| 2\infty <
\infty , the solution X(t) of (23) belongs to \BbbD 1,2 for all t \in [\sigma  - \tau ,\infty ). Moreover, there
exists a positive constant C independent of time such that

(24) sup
\sigma \geq 0

sup
r,t\geq \sigma  - \tau 

\BbbE 
\int A

0

| Dr,zX(t;\sigma , \eta )| 2dz \leq 

\Biggl( 
1 + sup

\sigma  - \tau \leq s\leq \sigma 
\BbbE 
\int A

0

\| Ds,z\eta \| 2\infty 

\Biggr) 
.

Proof. We assume \tau j \equiv \tau in order to simplify notation. If t \in [\sigma  - \tau , \sigma ], then
X(t) = \eta (t  - \sigma ), so it is obvious that (24) holds. We consider the case of t > \sigma : for
given r \leq t, we have

Dr,zX(t) = Dr,z\eta (0) +

M\sum 
j=1

Dr,z

\int t

\sigma 

\int A

0

\bfitnu jcj(a; X(s - \tau  - ))\lambda (ds\times da)

= Dr,z\eta (0) +

M\sum 
j=1

Dr,z

\int t

\sigma 

\bfitnu jaj(X(s - \tau  - ))ds

+

M\sum 
j=1

Dr,z

\int t

\sigma 

\int A

0

\bfitnu jcj(a; X(s - \tau  - ))\widetilde \lambda (ds\times da).

(25)

Propositions 4.3 and 4.1 give us

Dr,zX(t) = Dr,z\eta (0) +

M\sum 
j=1

\bfitnu jcj(z; X(r  - \tau  - ))

+

M\sum 
j=1

\int t

\sigma 

\bfitnu j
\bigl[ 
aj(X(s - \tau  - ) +Dr,zX(s - \tau  - )) - aj(X(s - \tau  - ))

\bigr] 
ds

+

M\sum 
j=1

\int t

\sigma 

\int A

0

\bfitnu j
\bigl[ 
cj(a; X(s - \tau  - ) +Dr,zX(s - \tau  - )) - cj(a; X(s - \tau  - ))

\bigr] \widetilde \lambda (ds\times da)

= Dr,z\eta (0) +

M\sum 
j=1

\bfitnu jcj(z; X(r  - \tau  - ))

+

M\sum 
j=1

\int t

\sigma 

\int A

0

\bfitnu j
\bigl[ 
cj(a; X(s - \tau  - ) +Dr,zX(s - \tau  - )) - cj(a; X(s - \tau  - ))

\bigr] 
\lambda (ds\times da).
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Since Dr,zX(t) = 0 for r > t, we get

Dr,zX(t) = Dr,z\eta (0) +

M\sum 
j=1

\bfitnu jcj(z; X(r  - \tau  - )) +

M\sum 
j=1

\int t

r+\tau 

\int A

0

\bfitnu j
\bigl[ 
cj(a; X(s - \tau  - ) +Dr,zX(s - \tau  - )) - cj(a; X(s - \tau  - ))

\bigr] 
\lambda (ds\times da).

Letting H(t, z) := Dr,zX(t), the above equation is

H(t, z) = H(r + \tau , z) +

M\sum 
j=1

\int t

r+\tau 

\int A

0

\bfitnu j
\bigl[ 
cj(a; X(s - \tau  - ) +H(s - \tau  - , z)) - cj(a; X(s - \tau  - ))

\bigr] 
\lambda (ds\times da),

where H(r + \tau , z) = Dr,z\eta (0) +
\sum M
j=1 \bfitnu jcj(z; X(r  - \tau  - )). Applying the It\^o formula

to | H(t, z)| 2, we have

| H(t, z)| 2 = | H(r + \tau , z)| 2

+

\int t

r+\tau 

\int A

0

\bigl[ 
| H(s - , z) +K(s, a)| 2  - | H(s - , z)| 2

\bigr] 
\lambda (ds\times da)

= | H(r + \tau , z)| 2

+

\int t

r+\tau 

\int A

0

\bigl[ 
2\langle H(s - , z), K(s, a)\rangle + | K(s, a)| 2

\bigr] 
\lambda (ds\times da),

where

K(s, a) =

M\sum 
j=1

\bfitnu j
\bigl[ 
cj(a; X(s - \tau  - ) +H(s - \tau  - , z)) - cj(a; X(s - \tau  - ))

\bigr] 
.

Under Assumption 1,

\BbbE | H(t, z)| 2 \leq \BbbE | H(r + \tau , z)| 2 +
\int t

r+\tau 

\bigl[ 
 - \alpha 1\BbbE | H(s, z)| 2 + \alpha 2\BbbE | H(s - \tau , z)| 2

\bigr] 
ds,

and then integrate with respect to z,

\BbbE 
\int A

0

| H(t, z)| 2dz \leq \BbbE 
\int A

0

| H(r + \tau , z)| 2dz  - \alpha 1

\int t

r+\tau 

\int A

0

\BbbE | H(s, z)| 2dzds

+ \alpha 2

\int t

r+\tau 

\int A

0

\BbbE | H(s - \tau , z)| 2dzds.

Hence, by Gronwall's inequality, there exists a constant C independent of time, such
that

\BbbE 
\int A

0

| H(t, z)| 2dz \leq C

\Biggl( 
1 + sup

\sigma  - \tau \leq r\leq \sigma 

\int A

0

\BbbE \| Dr,z\eta \| 2\infty dz

\Biggr) 
.

Thus we finish the proof.
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4.3. Time-independent weak convergence order. Recalling the result in
(18),

\bigm| \bigm| \bigm| \pi (F ) - \pi N (F )
\bigm| \bigm| \bigm| \leq lim

T\rightarrow \infty 

1

T

\int T

0

\bigm| \bigm| \BbbE F (\bfitX \xi 
t ) - \BbbE F (\bfitY \xi 

t )
\bigm| \bigm| dt \forall \xi \in \scrD ,

all we need is to prove the following weak convergence theorem, which means that the
time-independent weak convergence order of the D-leaping scheme (4) is 1. Hence,
from (18), the convergence order of invariant measures is also 1, which completes the
proof of Theorem 2.2.

Theorem 4.8 (weak convergence). There exists a positive constant C indepen-
dent of time such that

(26) | \BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn)| \leq C\delta t

for all n \in \{ 1, 2, . . .\} and \phi : \scrD \rightarrow \BbbR of class C2
b .

Proof. Step 1. Using the Markov property for the segments \bfitX t (see [18]) and \bfitY t
(see Proposition 3.1), we may rewrite

\BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn)

= \BbbE \phi (\bfitY tn,\bfitX tn
tn  - \BbbE \phi (\bfitY 0,\bfitX 0

tn )

=

n\sum 
i=1

\Bigl\{ 
\BbbE \phi (\bfitY ti,\bfitX ti

tn ) - \BbbE \phi (\bfitY 
ti - 1,\bfitX ti - 1

tn )
\Bigr\} 

=

n\sum 
i=1

\Biggl\{ 
\BbbE \phi 
\biggl( 
\bfitY 
ti,\bfitX 

ti - 1,\bfitX ti - 1
ti

tn

\biggr) 
 - \BbbE \phi (\bfitY 

ti,\bfitY 
ti - 1,\bfitX ti - 1
ti

tn )

\Biggr\} 
.

(27)

From Proposition 4.5, we know that there exists a function u such that

u(\Pi (\eta )) = \BbbE \phi (\bfitY ti,\eta 
tn ).

Thus we rewrite (27) into

\BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn)

=

n\sum 
i=1

\Bigl\{ 
\BbbE u(\Pi (\bfitX 

ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitY 
ti - 1,\bfitX ti - 1

ti ))
\Bigr\} 

=

n\sum 
i=1

\Bigl\{ 
\BbbE u(\Pi (\bfitX 

ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1
))
\Bigr\} 

 - 
\Bigl\{ 
\BbbE u(\Pi (\bfitY 

ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1))
\Bigr\} 
.

(28)
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88 CHUCHU CHEN AND DI LIU

Step 2. By the tame It\^o formula (Proposition 4.6), we obtain

\BbbE u(\Pi (\bfitX 
ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1
))

=

k\sum 
m=1

\BbbE 
\int ti

ti - 1

\int A

0

\Biggl[ 
u(. . . ,\bfitX s - (\mu m) +

M\sum 
j=1

\bfitnu jcj(a; \bfitX s - (\mu m  - \tau j)), . . .)

 - u(. . . ,\bfitX s - (\mu m), . . .)

\Biggr] 
\lambda (ds\times da)

=

k\sum 
m=1

\BbbE 
\int ti

ti - 1

\Biggl\{ 
M\sum 
j=1

aj(\bfitX s - (\mu m  - \tau j))
\Bigl[ 
u(. . . ,\bfitX s - (\mu m) + \bfitnu j , . . .)

 - u(. . . ,\bfitX s - (\mu m), . . .)
\Bigr] \Biggr\} 

ds

and

\BbbE u(\Pi (\bfitY 
ti - 1,\bfitX ti - 1

ti )) - \BbbE u(\Pi (\bfitX ti - 1
))

=

k\sum 
m=1

\BbbE 
\int ti

ti - 1

\int A

0

\Biggl[ 
u(. . . ,\bfitY s - (\mu m) +

M\sum 
j=1

\bfitnu jcj(a; \bfitY \zeta (s)(\mu m  - \tau j)), . . .)

 - u(. . . ,\bfitY s - (\mu m), . . .)

\Biggr] 
\lambda (ds\times da)

=

k\sum 
m=1

\BbbE 
\int ti

ti - 1

\Biggl\{ 
M\sum 
j=1

aj(\bfitY (ti - 1 + \mu m  - \tau j))
\Bigl[ 
u(. . . ,\bfitY s - (\mu m) + \bfitnu j , . . .)

 - u(. . . ,\bfitY s - (\mu m), . . .)
\Bigr] \Biggr\} 

ds.

We define

fmj (\Pi (\bfitX s)) = u(. . . ,\bfitX s - (\mu m) + \bfitnu j , . . .) - u(. . . ,\bfitX s - (\mu m), . . .).

Thus (27) is

\BbbE \phi (\bfitX tn) - \BbbE \phi (\bfitY tn)=
n\sum 
i=1

k\sum 
m=1

M\sum 
j=1

\BbbE 
\int ti

ti - 1

\Bigl[ 
aj(\bfitX (s+ \mu m  - \tau j - ))fmj (\Pi (\bfitX s))

 - aj(\bfitX (ti - 1 + \mu m  - \tau j))f
m
j (\Pi (\bfitY s))

\Bigr] 
ds(29)

=:

n\sum 
i=1

k\sum 
m=1

M\sum 
j=1

\scrD i
m,j .

In the following part, we need to show that there exists a time-independent constant
C > 0 such that \scrD i

m,j \leq C\delta t2.
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We note that

\scrD i
m,j =

\int ti

ti - 1

\BbbE 
\Bigl\{ 
[aj(\bfitX (s+ \mu m  - \tau j - )) - aj(\bfitX (ti - 1 + \mu m  - \tau j))]f

m
j (\Pi (\bfitX s))

\Bigr\} 
ds

+

\int ti

ti - 1

\BbbE 
\Bigl\{ 
aj(\bfitX (ti - 1 + \mu m  - \tau j))[f

m
j (\Pi (\bfitX s)) - fmj (\Pi (\bfitY s))]

\Bigr\} 
ds(30)

=:

\int ti

ti - 1

\scrD i,1
m,j(s)ds+

\int ti

ti - 1

\scrD i,2
m,j(s)ds.

We claim that for all s \in [ti - 1, ti], \scrD i,1
m,j(s), \scrD 

i,2
m,j(s) \leq \delta t with C > 0 being indepen-

dent of time, which means that \scrD i
m,j \leq C\delta t2.

Step 3. Estimate of the term \scrD i,1
m,j(s). In fact, by the It\^o formula

\scrD i,1
m,j(s)

= \BbbE 

\Biggl\{ 
fmj (\Pi (\bfitX s))

\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

\bigl[ 
aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\bigr] 
\lambda (du\times da)

\Biggr\} 

= \BbbE 

\Biggl\{ 
fmj (\Pi (\bfitX s))

\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

\bigl[ 
aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\bigr] \widetilde \lambda (du\times da)

\Biggr\} 

+ \BbbE 

\Biggl\{ 
fmj (\Pi (\bfitX s))

\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

\bigl[ 
aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\bigr] 
m(du\times da)

\Biggr\} 
(31)

= \BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

Du,af
m
j (\Pi (\bfitX s))

\bigl[ 
aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\bigr] 
m(du\times da)

+ \BbbE 

\Biggl\{ 
fmj (\Pi (\bfitX s))

\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\Biggl[ 
M\sum 
\ell =1

a\ell (\bfitX (u - \tau \ell  - ))

\Bigl( 
aj(\bfitX (u - ) + \bfitnu \ell ) - aj(\bfitX (u - ))

\Bigr) \Biggr] 
du

\Biggr\} 
,

where

\~\bfitX (u - ) := \bfitX (u - ) +

M\sum 
\ell =1

\bfitnu \ell c\ell (a; \bfitX (u - \tau \ell  - )).

Noting that

fmj (\Pi (\bfitX s)) = u(. . . ,\bfitX s - (\mu m) + \bfitnu j , . . .) - u(. . . ,\bfitX s - (\mu m), . . .),

we make the following estimates for functions of fmj :

\BbbE | fmj (\Pi (\bfitX s))| 2 \leq \BbbE 
\bigm| \bigm| u(. . . ,\bfitX s - (\mu m) + \bfitnu j , . . .)

\bigm| \bigm| 2 + \BbbE 
\bigm| \bigm| u(. . . ,\bfitX s - (\mu m), . . .)

\bigm| \bigm| 2
= \BbbE 

\bigm| \bigm| \BbbE \bigl( \phi (\bfitY ti,\eta 
tn )

\bigm| \bigm| \eta = \widetilde \bfitX s - 
\bigr) \bigm| \bigm| 2 + \BbbE 

\bigm| \bigm| \BbbE \bigl( \phi (\bfitY ti,\eta 
tn )

\bigm| \bigm| \eta = \bfitX s - 
\bigr) \bigm| \bigm| 2

\leq \BbbE 
\bigm| \bigm| \phi (\bfitY ti, \widetilde \bfitX s - 

tn )
\bigm| \bigm| 2 + \BbbE 

\bigm| \bigm| \phi (\bfitY ti,\bfitX s - 
tn )

\bigm| \bigm| 2,
where \widetilde \bfitX s - \in L([ - \tau , 0],\BbbR N ) is defined by

\Pi (\widetilde \bfitX s - ) = big(\bfitX s - (\mu 1) . . . ,\bfitX s - (\mu m) + \bfitnu j , . . . ,\bfitX s - (\mu k)
\bigr) 
,
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90 CHUCHU CHEN AND DI LIU

and thus

\BbbE | fmj (\Pi (\bfitX s))| 2 \leq C\| \phi \| 2C1
b
(1 + \BbbE \| \bfitX s\| 2\infty ) \leq C.

And the estimates for Du,zf
m
j follow: Since

\BbbE 
\int A

0

| Du,zf
m
j (\Pi (\bfitX s))| 2dz

= \BbbE 
\int A

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
k\sum 
\ell =1

\Bigl( 
fmj (. . . ,\bfitX s(\mu \ell ) +Du,z\bfitX s(\mu \ell ), . . .) - fmj (. . . ,\bfitX s(\mu \ell ), . . .)

\Bigr) \bigm| \bigm| \bigm| \bigm| \bigm| 
2

dz

\leq C\BbbE 
\int A

0

k\sum 
\ell =1

\bigm| \bigm| fmj (. . . ,\bfitX s(\mu \ell ) +Du,z\bfitX s(\mu \ell ), . . .) - fmj (. . . ,\bfitX s(\mu \ell ), . . .)
\bigm| \bigm| 2dz,

we have

\BbbE 
\bigm| \bigm| fmj (. . . ,\bfitX s(\mu \ell ) +Du,z\bfitX s(\mu \ell ), . . .) - fmj (. . . ,\bfitX s(\mu \ell ), . . .)

\bigm| \bigm| 2
\leq 2\BbbE 

\bigm| \bigm| u(. . . ,\bfitX s - (\mu m) +Du,z\bfitX s - (\mu m) + \nu j) - u(. . . ,\bfitX s - (\mu m) + \nu j)
\bigm| \bigm| 2

+ 2\BbbE 
\bigm| \bigm| u(. . . ,\bfitX s - (\mu m) +Du,z\bfitX s - (\mu m)) - u(. . . ,\bfitX s - (\mu m))

\bigm| \bigm| 2
\leq C\| \phi \| 2C1

b
\| Du,z\bfitX s(\cdot )\| 2L2([ - \tau ,0]),

where in the last step we use the result in Lemma 3.3. Further via Proposition 4.7,

\BbbE 
\int A

0

| Du,zf
m
j (\Pi (\bfitX s))| 2dz \leq C\| \phi \| 2C1

b

\int A

0

\BbbE \| Du,z\bfitX (s+ \cdot )\| 2L2([ - \tau ,0])dz \leq C.

Thus we can get that \scrD i,1
m,j(s) \leq C\delta t, where C does not depend on time. In fact, the

first term on the right-hand side of (31) can be estimated by the H\"older inequality:

\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

Du,af
m
j (\Pi (\bfitX s))

\bigl[ 
aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\Bigr] 
m(du\times da)

\leq 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

\bigl\{ 
\BbbE | Du,af

m
j (\Pi (\bfitX s))| 2

+ \BbbE 
\bigm| \bigm| aj( \~\bfitX (u - )) - aj(\bfitX (u - ))

\bigm| \bigm| 2\bigr\} m(du\times da)

\leq C\delta t+ L2\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

| \~\bfitX (u) - \bfitX (u)| 2m(du\times da)

\leq C\delta t+ L2K2\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\int A

0

M\sum 
\ell =1

| c\ell (a; \bfitX (u - \tau \ell  - ))| 2m(du\times da)

= C\delta t+ L2K2\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

M\sum 
\ell =1

a\ell (\bfitX (u - \tau \ell  - ))du

\leq C\delta t+ CL3K2\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j

\Biggl( 
1 +

M\sum 
\ell =1

| \bfitX (u - \tau \ell  - )| 2
\Biggr) 
du

\leq C\delta t.
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Note that the constants C in the above estimate are independent of time. The second
term on the right-hand side of (31) can be estimated similarly,

\BbbE 

\Biggl\{ 
fmj (\Pi (\bfitX s))

\int s+\mu m - \tau j

ti - 1+\mu m - \tau j
g(u)du

\Biggr\} 

\leq 
\Bigl( 
\BbbE | fmj (\Pi (\bfitX s))| 2

\Bigr) 1
2
\Bigl( 
\BbbE 
\bigm| \bigm| \bigm| \int s+\mu m - \tau j

ti - 1+\mu m - \tau j
g(u)du

\bigm| \bigm| \bigm| 2\Bigr) 1
2

\leq C\delta t
1
2

\Biggl( 
\BbbE 
\int s+\mu m - \tau j

ti - 1+\mu m - \tau j
| g(u)| 2du

\Biggr) 1
2

\leq C\delta t,

where

g(u) =

M\sum 
\ell =1

a\ell (\bfitX (u - \tau \ell  - ))
\Bigl( 
aj(\bfitX (u - ) + \bfitnu \ell ) - aj(\bfitX (u - ))

\Bigr) 

and

\BbbE | g(u)| 2 \leq L2K2\BbbE 
\Bigl( 
1 +

M\sum 
\ell =1

| \bfitX (u - \tau \ell  - )| 2
\Bigr) 
\leq C.

Step 4. Estimate of the term \scrD i,2
m,j(s). The estimate of term \scrD i,2

m,j(s) is similar,
but by using the tame It\^o formula,

\scrD i,2
m,j(s)

= \BbbE 
\Bigl\{ 
aj(\bfitX (ti - 1 + \mu m  - \tau j))

\Bigl[ \Bigl( 
fmj (\Pi (\bfitX s)) - fmj (\Pi (\bfitX ti - 1))

\Bigr) 
 - 
\Bigl( 
fmj (\Pi (\bfitY s)) - fmj (\Pi (\bfitX ti - 1))

\Bigr) \Bigr] \Bigr\} 
= \BbbE 

\int s

ti - 1

\int A

0

Du,aaj(\bfitX (ti - 1 + \mu m  - \tau j))

k\sum 
\ell =1\bigl\{ 

[fmj (. . . , \~\bfitX u - (\mu \ell ), . . .) - fmj (. . . ,\bfitX u - (\mu \ell ), . . .)](32)

 - [fmj (. . . , \~\bfitY u - (\mu \ell ), . . .) - fmj (. . . ,\bfitY u - (\mu \ell ), . . .)]
\bigr\} 
m(du\times da)

+ \BbbE aj(\bfitX (ti - 1 + \mu m  - \tau j))

\int s

ti - 1

k\sum 
\ell =1

M\sum 
j1=1

\Bigl[ 
aj1(\bfitX (u+ \mu \ell  - \tau j1 - ))F \ell j1(\Pi (\bfitX u))

 - aj1(\bfitX (ti - 1 + \mu \ell  - \tau j1 - ))F \ell j1(\Pi (\bfitY u))
\Bigr] 
du,

where

F \ell j1(\Pi (\bfitX u)) = fmj (. . . ,\bfitX u - (\mu \ell ) + \bfitnu j1 , . . .) - fmj (. . . ,\bfitX u - (\mu \ell ), . . .).

By Proposition 4.7, we may show that \scrD i,2
m,j(s) \leq C\delta t with C being independent of
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92 CHUCHU CHEN AND DI LIU

time. In fact, the first term on the right-hand side of (32) can be estimated by the
H\"older inequality,

\BbbE 
\int s

ti - 1

\int A

0

Du,aaj(\bfitX (ti - 1 + \mu m  - \tau j))g1(u, a)m(du\times da)

\leq 
\int s

ti - 1

\int A

0

\Bigl[ 
\BbbE | Du,aaj(\bfitX (ti - 1 + \mu m  - \tau j))| 2 + \BbbE | g1(u, a)| 2

\Bigr] 
m(du\times da)

\leq C\delta t+

\int s

ti - 1

\int A

0

\BbbE | Du,a\bfitX (ti - 1 + \mu m  - \tau j)| 2m(du\times da)

\leq C\delta t,

where

g1(u, a) =

k\sum 
\ell =1

[fmj (. . . , \~\bfitX u - (\mu \ell ), . . .) - fmj (. . . ,\bfitX u - (\mu \ell ), . . .)]

 - [fmj (. . . , \~\bfitY u - (\mu \ell ), . . .) - fmj (. . . ,\bfitY u - (\mu \ell ), . . .)]

and\int A

0

\BbbE | g1(u, a)| 2da

\leq C

\int A

0

\BbbE \| \~\bfitX (u+ \cdot ) - \bfitX (u+ \cdot )\| 2L2([ - \tau ,0]) + \BbbE \| \~\bfitY (u+ \cdot ) - \bfitY (u+ \cdot )\| 2L2([ - \tau ,0])da

\leq C

\int A

0

M\sum 
j=1

\BbbE \| cj(a; \bfitX u - \tau j (\cdot ))\| L2([ - \tau ,0]) +

M\sum 
j=1

\BbbE \| cj(a; \bfitY u - \tau j (\cdot ))\| L2([ - \tau ,0])da

= C\BbbE 

\Biggl( 
M\sum 
j=1

\| aj(\bfitX u - \tau j (\cdot ))\| L1([ - \tau ,0]) +

M\sum 
j=1

\| aj(\bfitY u - \tau j (\cdot ))\| L1([ - \tau ,0])

\Biggr) 
\leq C\BbbE (1 + \| \bfitX u - \tau j (\cdot )\| 2L2([ - \tau ,0]) + \| \bfitY u - \tau j (\cdot )\| 2L2([ - \tau ,0])) \leq C.

The second term on the right-hand side of (32) can be estimated similarly,

\BbbE aj(\bfitX (ti - 1 + \mu m  - \tau j))

\int s

ti - 1

g2(u)du

\leq 
\Bigl( 
\BbbE | aj(\bfitX (ti - 1 + \mu m  - \tau j))| 2

\Bigr) 1
2

\Biggl( 
\BbbE | 
\int s

ti - 1

g2(u)du| 2
\Biggr) 1

2

\leq L\delta t
1
2

\Bigl( 
1 + \BbbE | \bfitX (ti - 1 + \mu m  - \tau j)| 2

\Bigr) 1
2

\Biggl( 
\BbbE 
\int s

ti - 1

| g2(u)| 2du

\Biggr) 1
2

\leq C\delta t,

where

g2(u) =

k\sum 
\ell =1

M\sum 
j1=1

\bigl[ 
aj1(\bfitX (u+ \mu \ell  - \tau j1 - ))F \ell j1(\Pi (\bfitX u))

 - aj1(\bfitX (ti - 1 + \mu \ell  - \tau j1 - ))F \ell j1(\Pi (\bfitY u))
\bigr] D
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Fig. 1. Log-log plot of the absolute error with functions f(x) = x and f(x) = x2, respectively.
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Fig. 2. Long time behaviors of the solutions with different initial data for functions f(x) = x
and f(x) =

\surd 
x, respectively.

and

\BbbE | g2(u)| 2 \leq C

\Biggl( 
1 + sup

u\in [ti - 1,s]

max
1\leq \ell \leq k

max
1\leq j\leq M

\BbbE | \bfitX (u+ \mu \ell  - \tau j)| 2
\Biggr) 

\leq C.

Therefore \scrD i
m,j \leq C\delta t2 with C being independent of time. Replacing it into (29),

we finish the proof.

5. Examples. In this section, two examples are presented to support our theo-
retical analysis.

5.1. Example 1: Linear case. For this system, we consider \emptyset \rightarrow S with the
propensity function being a1(x) = \alpha x, where the rate constant \alpha = 0.1, the state-
change vector is \nu 1 = 1, and the time delay is \tau = 0.4. And S \rightarrow \emptyset with the propensity
function being a2(x) = \beta x, where the rate constant \beta = 0.5.

We plot the absolute errors of mean and variance in Figure 1. We simulate the
reaction from time 0 to T = 8 using different stepsizes. The sample size is as large
as 106 so that the magnitude of statistical fluctuation is small. It shows that, for the
system, the scheme has first order accuracy for the weak convergence.

We plot the behaviors of the solution in Figure 2 using different initial data, and
observe that though the solution starts at different value, the averages go to the same
state. It shows that the approximation possesses a unique invariant measure.
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Fig. 3. Log-log plot of the absolute error with functions f(x) = x and f(x) = x2, respectively.
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Fig. 4. Long time behaviors of the solutions with different initial data for functions f(x) = x
and f(x) =

\surd 
x, respectively.

5.2. Example 2: Nonlinear case. For this system, we consider \emptyset \rightarrow S with

the propensity function being a1(x) = \alpha +\beta x(t - \tau )b
cb+x(t - \tau )b , where the constants are \alpha = 5,

\beta = 20, b = 10, and c = 19, the state-change vector is \nu 1 = 1, and the time delay is
\tau = 1. And S \rightarrow \emptyset with the propensity function being a2(x) = \gamma x, where the rate
constant \gamma = 1.

We plot the absolute errors of mean and variance in Figure 3. We simulate the
reaction from time 0 to T = 10 using different stepsizes. The sample size is as large
as 106 so that the magnitude of statistical fluctuation is small. It shows that, for the
system, the scheme has first order accuracy for the weak convergence.

We plot the behaviors of the solution in Figure 4 using different initial data, and
observe that though the solution starts at a different value, the averages go to the
same state. It shows that the approximation possesses a unique invariant measure.
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